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Abstract. We introduce and study the universal norm distribution in this
paper, which generalizes the concepts of universal ordinary distribution
and the universal Euler system. We study the Anderson type resolution of
the universal norm distribution and then use this resolution to study the
group cohomology of the universal norm distribution.
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1. Introduction

Let r be a positive integer, theuniversal ordinary distributionof rank 1 and
level r is well known to be the free abelian group

Ur = 〈[a] : a ∈ 1
r
Z/Z〉

〈[a] − ∑
pb=a[b] : p | r, a ∈ p

r
Z/Z〉 .

With a naturalGr = Gal(Q(µr)/Q) action onUr , Ur becomes aGr -module
and plays a very important role in the study of cyclotomic fields, see for exam-
ple Lang [4] or Washington [10] for more information. In particular, the sign
cohomology ofUr gives key information about the indices of cyclotomic units
and Stickelberger ideals as illustrated by Sinnott’s original paper [9] and many
following papers on this subject by different authors. TheGr -cohomology is
found to be related to the cyclotomic Euler system, as shown by Anderson-
Ouyang [1] about the Kolyvagin recursion in the universal ordinary distribu-
tion.

In the book [8], Rubin defined a generalization of the universal ordinary
distribution, which he called theuniversal Euler system. It then was used
to prove the Kolyvagin recursions satisfied by the Euler systems. However,
there are other universal objects satisfying similar distribution relations. In the
paper [6], we proposed a generalization of the universal ordinary distribution,
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have the following canonical decomposition

Gz =
∏
x|z

Gz(x).

Let Nz be the sum of all elementsg ∈ Gz in the group ringZ[Gz]. For z

finite andz′ | z, Let gz′ denote the image ofg ∈ Gz in Gz′ . Let Nz
z′ be the

corresponding inflation map fromZ[Gz′ ] to Z[Gz]. For every infinitez ∈ Z,
let Gz be the inverse limit ofGz over all finitez |s z. ThenGz is actually the
direct product ofGz(x) for everyx | z.

Write Bz = {[gz] : g ∈ Gz}, then

A =
⋃

z∈Zfin

Bz = {[gz] : g ∈ Gz, z ∈ Zfin},

andGxn acts trivially inBz if x - z. ThusA and{Gz : z ∈ Zfin} are uniquely
determined by each other. LetAz = ⋃

z′|s z,z′∈Zfin
Bz′ for everyz ∈ Z.

For each pairx ∈ X andz ∈ Z, the Frobenius element Frx is a given element
in G whose restriction toGxn is the identity for everyn ∈ N.

Let O be an integral domain and let8 be its fractional field. LetT be a
fixed O-algebra which is torsion free and finitely generated as anO-module.
We suppose thatT is a trivialG-module. For eachx ∈ X, a polynomial

p(x; t) ∈ T[ t ]

is chosen corresponding tox.

2.2 Definition of the universal norm distribution

Let A be the freeT -module generated byA, along with theG-action,
A becomes a torsion freeT [G]-module. LetBz be theT [G]-submodule ofA
generated byBz asT -module forz ∈ Zfin. ThenBz is nothing but a free rank
1 T [Gz]-module with generator [z]. Let Az be theT [G]-submodule generated
by Az asT -module for everyz ∈ Z. ThusAz has a naturalT [Gz′ ]-module
structure for everyz |s z′.

Let λz(x) be theT [Gz]-homomorphism ofAz given by

λz(x) : [z′] 7−→
{

p(x; Fr−1
x )[z′] − Nz(x)[z(x)z′], if x - z′,

0, if x | z′.

LetDz be the submodule ofAz generated by the images ofλz(x)(Az/z(x)) for
all x | z. Elements inDz are calleddistribution relationsin Az. Theuniversal
norm distributionUz according to the above assumptions is defined to be the
quotientT [Gz]-moduleAz/Dz, i.e.,Az modulo all distribution relations.
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of f with respect to the Carlitz module. The Galois groupGf of K(f )/K is
known to be isomorphic to(R/f )×. Thus we can identify everyσ = σx ∈ Gf

for some(a unique)x ∈ (R/f )×. Theordinary distribution of levelf on the
function fieldK is defined to be a map

φ :
1

f
R/R −→ Ab = abelian group

satisfying

φ(x) =
∑
py=x

φ(y), ∀p | f, x ∈ p

f
R/R.

One can then talk about theuniversal ordinary distributionas the universal
object to the category of ordinary distributions. As in the number theory coun-
terpart, by abusing notation, we say the group

Uf =
〈[a] : a ∈ 1

f
R/R〉

〈[a] − ∑
pb=a[b] : p | f, a ∈ p

f
R/R〉

the universal ordinary distribution.Uf is naturally equipped with aGf -action
by sendingσx [a] = [xa]. The distributionUf , as shown to be a free abelian
group of order|Gf |, plays a similar role to the universal ordinary distribution
in the study of cyclotomic function field,

Now letG = GK = Gal(Ksep/K). LetX be the set of all monic irreducible
polynomials inK and thenZfin is nothing but the set of all monic polynomials
in R. LetA be the discrete set{[g ◦ f ] : f ∈ Zfin, g ∈ Gf }. ThenG acts onA
by settingg ◦ [f ] = [f ] if g ∈ GK(f ). Let p(℘, t) = 1 − t for every℘ ∈ X.
ForO = T = Z, we then can define the universal norm distributionUf as the
Gf -module

Uf = 〈[σf ′] : f ′ |s f, σ ∈ Gf ′ 〉
〈(1 − Fr−1

p )[σf ′] − Nf (p)[σf (p)f ′] : f (p)f ′ |s f, σ ∈ Gf ′ 〉 .

Proposition 3.4. The modulesUf andUf are isomorphic asGf -modules by
identifying[1/f ′] ∈ Uf and[f ′] ∈ Uf .

Proof. The proof is similar to Proposition 3.1. One can easily check that: (1).
the map [1/f ′] ∈ Uf 7→ [f ′] ∈ Uf is well defined; (2). this map is aGf -
morphism; (3). surjective; (4). bothUf andUf haveZ-rank |Gf |(the latter
follows from Proposition 4.1). 2

3.6 Function field case: II

We now work on more generality. LetK be a fixed function field. Pick a place
∞ in K. LetR be the integer ring corresponding to the place∞. Choose a sign
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thenLz becomes a gradedT [Gz] -module.Lz is bounded above since all its
non-negative components are 0. Moreover,Lz is bounded if and only ifz is
finite.

With abuse of notation, denote byλz(x),λz′ the homomorphisms ofLz inher-
iting from the homomorphisms inAz bearing the same names. Now let

d : Lz −→ Lz, [a, y] 7−→
∑
x|y

ω(x, y)λz(x)[a, y/x]

whereω is as defined in § 2.1. Clearlyd commutes withGz-actions. A straight-
forward calculation shows thatd2 = 0 and therefored is a differential of
degree 1. Define anT[Gz]-homomorphismu : Lz → Uz by

[a, y] 7−→
{

[a], if y = 1;
0, if y 6= 1.

RegardLz as a complexL•
z by the differentiald, and regardUz as a complex

concentrated on 0-component. Then one can easily check thatu is a homomor-
phism of complexes. Because of the following Theorem, we call the complex
(L•

z, d)(or simplyL•
z) Anderson’s resolutionof the universal norm systemUz.

Theorem 5.1. The homomorphismu is a quasi-isomorphism, i.e., the com-
plex(L•

z, d) is acyclic for degreen 6= 0 andH 0(L•
z, d) ∼= Uz induced byu.

Proof. For anya ∈ B0 ∩ Bz/z(y), consider the gradedT -submoduleC•
a of L•

z

generated by

{λw[a, y ′], w |s z, w̄y ′ | y}.
One can see thatC•

a is d-stable. ThusC•
a is actually a subcomplex ofL•

z.
By Proposition 4.1,L•

z is the direct sum ofC•
a for a over B0 ∩ Az. We

hence only have to study the complexC•
a . Now the theorem follows from

Lemma 5.2. 2

5.2 The Koszul complex̃C•
y

Let 3 be the polynomial ring

3 = T[Z] = {
∑

tzz : tz ∈ T , z ∈ Z}.

Let C̃•
y be the Koszul complex of3 with the regular sequencex1 < · · · < xm

wherey = x1 · · · xm. ThusC̃•
y is the graded exterior algebra⊕

y ′|y
3ey ′
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with the symbol [xn] is of degreen and the differential given by

∂z(x)[x
n] =

{
(1 − σz(x))[xn−1], if n > 0 odd;
Nz(x)[xn−1], if n > 0 even.

Now let Pz• as the tensor product ofPz(x)• over allx | z. Pz• is the so called
tensor projective resolutionof the trivial Z[Gz]-moduleZ with respect to the
cyclic decomposition

Gz =
∏
x|z

Gz(x) =
∏
x|z

〈σz(x)〉.

Let [w] be an indeterminate for everyw ∈ Z. Then the tensor resolutionPz•
is the projectiveZ[Gz]-resolution of the trivial moduleZ by

Pz,n =
⊕
w̄|z

degw=n

Z[Gz][w]

and the differential∂z is given by

∂z[w] =
∑
x|w

(−1)
∑

x′<x vx′wαz(x)[w/x]

whereαz(x) is equal toσz(x) − 1 if vxw odd andNz(x) if vxw even. For any
z′ |s z, one has a natural inclusion ofPz′• to Pz• by sending [w] to [w].

6.3 Gz-cohomology of trivial moduleA

Let A be a freeO-module with trivial Gz-structure. To compute itsGz-
cohomology, it suffices to compute the cohomology

I •
A,z = HomZ[Gz](Pz•, A) =

⊕
w finite

w̄|z

A[w]

with the differential

δz[w] =
∑
x|z

(−1)
∑

x′<x vx′waz(x)[wx]

whereaz(x) is equal to 0 ifvxw even and to|Gz(x)| if vxw odd. The inclusion
of Pz′• to Pz• for z′ |s z thus induces a projection fromI •

A,z to I •
A,z′ . One see

thatI •
A,z′ is a direct summand ofI •

A,z.
For any finitew with w̄ | z, let

I •
A[w2] =

⊕
w′|w̄

A[w2/w′],



On the universal norm distribution 311

We call the basis{c(y, w) : y | w̄ | z} given in Theorem 7.8, thecanonical
basisfor H ∗(Gz,Uz/MUz). In particular, we writec(y, y) ascy . By the above
theorem, we see that for everyz ∈ Z,

H 0(Gz,Uz/MUz) = 〈cy : y | z〉T /MT

is the union of allH 0(Gz′,Uz′/MUz′) with z′ |s z andz′ finite. We’ll use this
fact in Ouyang [7] for the double complex(K •,•

z ; d̃, δ̃).

Remark 7.10. One can expect parallel result to Theorem B in Ouyang [5]
holds here too. The answer is yes. However, we feel more appropriate to state it
in Ouyang [7], as a natural consequence of the universal Kolyvagin recursion,
just like the proof of the above Theorem B in Anderson and Ouyang [1].
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